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Abstract. Amalgamation is a well-known concept for graph transfor-
mations in order to model synchronized parallelism of rules with shared
subrules and corresponding transformations. This concept is especially
important for an adequate formalization of the operational semantics of
statecharts and other visual modeling languages, where typed attributed
graphs are used for multiple rules with general application conditions.
However, the theory of amalgamation for the double pushout approach
has been developed up to now only on a set-theoretical basis for pairs of
standard graph rules without any application conditions.

For this reason, we present the theory of amalgamation in this paper in
the framework of M-adhesive categories, short for weak adhesive HLR
categories, for a bundle of rules with (nested) application conditions.
The main result is the Multi-Amalgamation Theorem, which generalizes
the well-known Parallelism and Amalgamation Theorems to the case of
multiple synchronized parallelism.

The constructions are illustrated by a small running example. A more
complex case study for the operational semantics of statecharts based on
multi-amalgamation is presented in a separate paper.

1 Introduction

1.1 Historical Background of Amalgamation

The concepts of adhesive [1] and (weak) adhesive high-level replacement (HLR)
[2] categories have been a break-through for the double pushout approach of
algebraic graph transformations [3]. Almost all main results could be formulated
and proven in these categorical frameworks and instantiated to a large variety
of HLR systems, including different kinds of graph and Petri net transformation
systems [2]. These main results include the Local Church-Rosser, Parallelism,
and Concurrency Theorems, the Embedding and Extension Theorem, complete-
ness of critical pairs, and the Local Confluence Theorem.

However, at least one main result is missing up to now. The Amalgamation
Theorem in [4] has been developed only on a set-theoretical basis for a pair of
standard graph rules without application conditions. In [4], the Parallelism The-
orem of [5] is generalized to the Amalgamation Theorem, where the assumption



of parallel independence is dropped and pure parallelism is generalized to syn-
chronized parallelism. The synchronization of two rules p; and ps is expressed
by a common subrule pg, which we call kernel rule in this paper. The subrule
concept is formalized by a rule morphism s; : pg — p;, called kernel morphism in
this paper, based on pullbacks and a pushout complement property. p; and ps
can be glued along py leading to an amalgamated rule p = p; 4+, p2. The Amal-
gamation Theorem states that each amalgamable pair of direct transformations
G 2 Gi(i = 1,2) via p; and py leads to an amalgamated transformation
G 2. H via p, and vice versa yielding a bijective correspondence.

Moreover, the Complement Rule Theorem in [4] allows to construct a com-
plement rule p of a kernel morphism s : pg — p leading to a concurrent rule
po *g D which is equal to p. Now the Concurrency Theorem allows to decompose

each amalgamated transformation G 22 H into sequences G £ G; L5 H
for ¢ = 1,2 and vice versa, where ¢; is the complement rule of ¢; : p; — p.

The concepts of amalgamation are applied to communication based systems
and visual languages in [4, 6, 7, 8, 9] and transferred to the single-pushout
approach of graph transformation in [10].

1.2 The Aim of this Paper

The concept of amalgamation plays a key role in the application of parallel
graph transformation to communication-based systems [8] and in the modeling
of the operational semantics for visual languages [9]. However, in most of these
applications we need amalgamation for n rules, called multi-amalgamation, based
not only on standard graph rules, but on different kinds of typed and attributed
graph rules including (nested) application conditions.

The main idea of this paper is to fill this gap between theory and applica-
tions. For this purpose, we have developed the theory of multi-amalgamation for
adhesive and adhesive HLR systems based on rules with application conditions.
This allows to instantiate the theory to a large variety of graphs and correspond-
ing graph transformation systems and, using weak adhesive HLR categories, also
to typed attributed graph transformation systems [2]. A complex case study for
the operational semantics of statecharts based on typed attributed graphs and
multi-amalgamation is presented in [11].

1.3 General Assumptions

In this paper we assume to have an M-adhesive category with binary coproducts,
epi-M-factorization, and initial pushouts [2]. We consider rules with (nested)
application conditions [13] as explained below and assume that the reader is
familiar with concurrent rules and the Concurrency Theorem. In the following,
a bundle represents a family of morphisms or transformation steps with the same
domain, which means that a bundle of things always starts at the same object.



1.4 Organization of this Paper

This paper is organized as follows. In Section 2, we review basic notions of
M-adhesive categories, transformations, and application conditions. In Section
3, we introduce kernel rules, multi rules, and kernel morphisms leading to the
Complement Rule Theorem as first main result. In Section 4, we construct multi-
amalgamated rules and transformations and show as second main result the
Multi-Amalgamation Theorem. In Section 5, we present a summary of our results
and discuss future work.

2 Review of Basic Notions

The basic idea of adhesive categories [1] is to have a category with pushouts along
monomorphisms and pullbacks satisfying the van Kampen property. Intuitively,
this means that pushouts along monomorphisms and pullbacks are compatible
with each other. This holds for sets and various kinds of graphs (see [1, 2]),
including the standard category of graphs which is used as a running example
in this paper. M-adhesive categories, called weak adhesive HLR category in [2],
include a special morphism class M of monomorphisms and extend adhesive cat-
egories with suitable properties. As a main difference, they only require pushouts
along M-morphisms to be weak van Kampen squares.

Definition 1 (Van Kampen square).
A pushout as at the bottom of the cube ,
on the right with m € M is a weak CJ

C

A/

I
\J

van Kampen square if it satisfies the
weak van Kampen property, i.e., for
any commutative cube, where the back
faces are pullbacks and (f € M or
b,e,d € M), the following statement
holds: The top face is a pushout if and only if the front faces are pullbacks.

%/\

In contrast, the (non-weak) van Kampen property does not assume (f € M

orb,c,d e M).

Definition 2 (M-adhesive category). An M-adhesive category (C, M) con-
sists of a category C and a class M of monomorphisms in C, which is closed
under isomorphisms, composition, and decomposition (go f € M and g € M
implies f € M), such that C has pushouts and pullbacks along M-morphisms,
M-morphisms are closed under pushouts and pullbacks, and pushouts along M-
morphisms are weak van Kampen squares.

Well-known examples of M-adhesive categories are the categories (Sets, M)
of sets, (Graphs, M) of graphs, (Graphstg, M) of typed graphs, (ElemNets,
M) of elementary Petri nets, (PTNets, M) of place/transition nets, where for
all these categories M is the class of all monomorphisms, and (AGraphsarg,
M) of typed attributed graphs, where M is the class of all injective typed
attributed graph morphisms with isomorphic data type component (see [2]).



In the double pushout approach to transformations, rules describe in a general
way how to transform objects. The application of a rule to an object is called
a transformation and based on two gluing constructions, which are pushouts in
the corresponding category.

Definition 3 (Rule and transforma- ] ; .
tion). A rule is given by a span p = C L= K "R
(L Lo R) with objects L, K, and R, mi (1) ’{ (2) Jn
called left-hand side, interface, and right- G~ - D —H
hand side, respectively, and M-morphisms
I and r. An application of such a rule to an object G via a match m : L — G

is constructed as two pushouts (1) and (2) leading to a direct transformation
G£= H.

p

An important extension is the use of rules with suitable application condi-
tions. These include positive application conditions of the form Ja for a mor-
phism a : L — C', demanding a certain structure in addition to L, and also nega-
tive application conditions —3a, forbidding such a structure. A matchm : L — G
satisfies Ja (—3a) if there is a (no) M-morphism ¢ : C' — G satistying goa = m.
In more detail, we use nested application conditions [13], short application con-
ditions.

Definition 4 (Application condition and

satisfaction). An application condition ac ac > L - ¢ < ac’
over an object L is of the form ac = true or R /

ac = J(a,ac’), where a : L — C is a mor- a

. . "y
phism and ac’ is a condition over C.

Given a condition ac over L, then a morphism m : L — G satisfies ac, written
m = ac, if ac = true or ac = J(a, ac’) and there exists a morphism q € M with
goa=m and q = ac’.

Moreover, application conditions are closed under boolean formulas and sat-
isfaction is extended as usual. For simplification, false abbreviates —true, Ja
abbreviates 3(a, true), and V(a,ac) abbreviates —3(a, ~ac). With acc = acy, we
denote the semantical equivalence of acc and acy, on C.

In this paper we consider rules of the form p = (L LKL R, ac), where

(L LKL R) is a (plain) rule and ac is an application condition on L. In order
to handle rules with application conditions there are two important concepts,
called the shift of application conditions over morphisms and rules ([13, 14]).

For the shift construction over morphisms, all epimorphic overlappings of the
codomain of the shift morphism and the codomain of the condition morphism
have to be collected.

Definition 5 (Shift over "
morphism).  Given an ac [>p ¢ <Jac

application condition ac = b b

I(a,ac’) over P and a mor- .
’ Shift(b, > p/
phism b : P — P’, then ift(b, ac) i

; C’'<] Shift(d', ac’)

a




Shift(b,ac) is an application condition over P’ defined by Shift(b,ac) =
Vo pyer3(a’, Shift(b',ac’)) with F = {(a’,V') | (a’,b")jointly epimorphic,t’ €
M, b oa = a' ob}. Moreover, Shift(b, true) = true and the construction is ex-
tended for boolean formulas in the usual way.

Fact 1. Given an application con- 5 )
dition ac over P and morphisms b : | %€ >P P'<] Shift(b, ac)

P— P andp: P — G, thenp |= p&/
Shift (b, ac) if and only if po b |= ac.

Proof. See [13, 14]. O

In analogy to the application condition over L, which is a pre application
condition, it is also possible to define post application conditions over the right
hand side R of a rule. Since these application conditions over R can be translated
to equivalent application conditions over L (and vice versa) [13], we can restrict
our rules to application conditions over L.

Definition 6 (Shift
- l T .
over rule). Given a L(p, acr) > L K R< acr

e p = (L & K 5 | o 4 @ )

R.’ ac) and. an applica- L(p*,ac) [ >V = = Z — »X <] ac/
tion condition acp =

J(a,ac) over R, then L(p,acr) is an application condition over L defined
by L(p,acg) = 3(b,L(p*,acy)) if a o r has a pushout complement (1) and

p* =Y Lzo X) is the derived rule by constructing pushout (2), otherwise
false. Moreover, L(p,true) = true and the construction is extended to boolean
formulas in the usual way.

Dually, for an application condition acy, over L we define R(p,acr) = L(p~t,
acr), where the inverse rule p~' without application conditions is defined by

pl=REKLL).

Fact 2. Given a trans-

formation G 2 L(p,acr) [> L+~—! K r— R <] acg
via a rule p = (L L m (1) 1{ (2) ln
K 5 R, ac) and an ap- G~—7 D —H

plication condition acp
over R, then m |= L(p,acgr) if and only if n |= acg.

Dually, for an application condition acy, over L we have that m = acy, if and
only if n = R(p,acy).

Proof. See [13]. O

Shifts over morphisms are compositional and shifts over morphisms and rules
are compatible via double pushouts.



Fact 3. Given an applica-

tion condition ac on R, the acv

double pushouts (1) and (2) | P: L+—" K L R—%> P> Q
and morphisms a, b, then we ml (2) kl (1) "

have that

— Shift(b, Shift(a,ac)) =
Shift(b o a, ac),
— Shift(m, L(p, ac)) = L(p’, Shift(n, ac)).

Proof. See [13, 14]. O

3 Decomposition of Direct Transformations

In this section, we show how to decompose a direct transformation in M-adhesive
categories into transformations via a kernel and a complement rule leading to
the Complement Rule Theorem.

A kernel morphism describes how a smaller rule, the kernel rule, is embedded
into a larger rule, the multi rule, which has its name because it can be applied
multiple times for a given kernel rule match as described in Section 4. We need
some more technical preconditions to make sure that the embeddings of the L-,
K-, and R-components as well as the application conditions are consistent and
allow to construct a complement rule.

Definition 7 (Kernel morphism). Given rules pg = (Lo LU AN Ry, aco)

and pr = (L1 L K, 5 Ri,ac1), a kernel morphism s; : pg — p1, s1 =
(s1,L,81,K,51,r) consists of M-morphisms s1,1, : Lo — L1, s1,x : Ko — K1, and
s1,r : Ro — R1 such that in the following diagram (11) and (21) are pullbacks,
(11) has a pushout complement (1}) for s1,1,0ly, and acy and acy are complement-
compatible w.r.t. s1, i.e. given pushout (31) then acq = Shift(si ,aco) A L(pj,
Shift(vy,ach)) for some acy on Lo and pf = (L < Lig — E1). In this case,
po 1s called kernel rule and p; multi rule.

po: ac> Ly~ Ky— "R,  Ly~—2—K;—" R,

o BT R T (P (R (T B O =

1 a(;lD Ly~ K 7 R Ly +—5 Lqp a7 F1
ac’IA

Remark 1. The complement-compatibility of the application conditions makes
sure that there is a decomposition of ac; into parts on Lg and Lig, where the
latter ones are used later for the application conditions of the complement rule.

Iy




Po: acoy D 1: lo 10 0, 1.’ 1: 20 1;

Lo Ko Ro Lo L. P
aco = —dag
. ) T0 Lo
Po i aco D Lo+—"—Ky—"—Ry Lo+~—"—Kj
S\,Ll lﬁ,x l«‘!.R Sl.Ll i“u
(1) @) - (1)
1 1@ '1.‘.’ 1 1 1 1
p1: oacy D h & I = ) 1
20 20 2 2@ 2 2@ 2@
Ly K Ry Ly Ly Lo
acy = Shift(s1,z,aco) A =Jaq
pot aco [> Lo——Ky— "R, Loy+—"—Ko

2] s Jpan on.) J#-
S ol @ B 2 Y S @ [y

P2 acy D I 2 2 I [ 2 I 2 1
3 3@ 3@ 3 3 3

Lo K> Ry Ly Lo Lao

ace = Shift(s2,z,aco) A =Jasz

Fig. 1. The kernel rule pp and the multi rules p; and p2

Example 1. To explain the concept of amalgamation, in our example we model
a small transformation system for switching the direction of edges in labeled
graphs, where we only have different labels for edges — black and dotted edges.
The kernel rule pg is depicted in the top of Fig. 1. It selects a node with a black
loop, deletes this loop, and adds a dotted loop, all of this if no dotted loop is
already present. The matches are defined by the numbers at the nodes and can
be induced for the edges by their position.

In the middle and bottom of Figure 1, two multi rules p; and p, are shown,
which extend the rule pg and in addition reverse an edge if no backward edge
is present. They also inherit the application condition of py forbidding a dot-
ted loop at the selected node. There is a kernel morphism s; : pg — p; as
shown in the top of Fig. 1 with pullbacks (1;) and (2;), and pushout com-
plement (1}). For the application conditions, ac; = Shift(sy,1,aco) A 7Ja; =
Shift(s1,1,,aco) AL(pF, Shift(v1, ~3a))) with af as shown in the left of Fig. 2. We
have that Shift(vy, ~3a)) = —Ja11, because square (x) is the only possible com-
muting square leading to aj1, bi1 jointly surjective and b1y injective. Moreover,
L(pj,—3a11) = —Ja; as shown by the two pushout squares (PO;) and (PO3) in
Fig. 2. Thus acj = —3a], and acy and ac; are complement compatible.

Similarly, there is a kernel morphism ss : pg — p2 as shown in the bottom of
Fig. 1 with pullbacks (13) and (23), pushout complement (15), and acg and acg
are complement compatible.



1 1 1 1
ul v1 U1l
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I 1i
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2
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Fig. 2. Constructions for the application conditions

For a given kernel morphism, the complement rule is the remainder of the
multi rule after the application of the kernel rule, i.e. it describes what the multi
rule does in addition to the kernel rule.

Theorem 1 (Existence of complement rule). Given rules pg = (Lg Lo
Ko =% Ry, acy) and py = (Ly Ju K, = Ry,acy), and a kernel morphism
51 :po — p1 then there exists a rule py = (L s K, N Ry,acy) and a jointly
epimorphic cospan Ry =% Ey &2 T such that the E;-concurrent rule pg *g, DL

exists and p1 = po*p, p1- (For the definition of E-concurrent rules for rules with
application conditions see [14].)

aco > Ly« —Koy—" Ry, L,—1—FK—2 »F

V1

Proof. First, we consider the construction without application conditions. Since
s1 is a kernel morphism the following diagrams (1;) and (2;) are pullbacks, and
(11) has a pushout complement (1}) for sy, o ly. Construct the pushout (34).

Loy—"—Ko—" Ry Loy——Ko— "R,
SI,LJ (11) SI.KJ (21) JSI,R Sl,Ll (1) 'Ufll (31) leu
1 I Kl 1 Rl Ll Uy Ll(] U1 El

N J

Now construct the initial pushout (41) over s1, g with by,c1 € M, Py as the
pullback object of rg and by, and the pushout (5;) where we obtain an induced



morphism S13 - Sl — Ro with §13 © 8§12 = b17 $13 © 811 = To, and S13 € M by
effective pushouts. Since (1;) is a pullback Lemma A.1 implies that there is a
unique morphism l1g : K1 — Lyo with lip0s1,xk = w1, u10lig = {1, and l19 € M,
and we can construct pushouts (61) — (91) as a decomposition of pushout (31)
which leads to L; and K; of the complement rule, and with (71) + (9;) being a
pushout ej; and e;5 are jointly epimorphic.

Ve N\

3 Ly—b K, Ko e§) %12+ R,
T
Iy e (I N (PR
51% 1 L Uy Llo S1,K K V11 71 Wi RlO -
O N w G ] @) =
L Cl 1 Ry K Lo U1l fl €12 Ey )

The pushout (41) can be decomposed into pushouts (101) and (11;) obtain-
ing the right hand side R; of the complement rule, while pullback (2;) can be
decomposed into pushout (61) and square (12;1) which is a pullback by Lemma
A.2. Now Lemma A.l implies that there is a unique morphism 77 : K; — Ry
with 77 0 §14 = u13, t1 0o 71 = v12, and 7 € M.

e N

B —2— & —5— R, Koy—— 8 —2— R, S —1— Ry
I [ CE T R A B CE I S Sy o
@i R—r—F Kk Y R—4 R

N L J

Now the pushout (7;) im- [ . o = |
. . . Sl 13 RO Sl it Kl L Rl
plies that there is a unique
morphism o7 : Rio — Ry, k‘l (E) ml , ml (1) ml (13) lh
and by pushout decomposition | Ki R MY Ro—mm B R
of (11;) = (71) + (131) square P }1‘
(131) is a pushout. L it )

Moreover, (8;) + (91) as a pushout over M-morphisms is also a pullback

which completes the construction, leading to the required rule py = (L; L

K1 =5 Ry) and p; = po *g, P1 for rules without application conditions.

Sl Cl Bl
5'13/ \E{OSI4 (101) 812
Ig lo K, S11 S S13 Ro fl I E L E u13 S




10

For the application conditions, suppose ac; = Shift(sq r,ace) A L(pj,
Shift(vy,ac))) for pi = (L1 & Lo 2 Ey) with v; = e12 o u1; and acj on
Lyo. Now define acy = Shift(u;1,ac)), which is an application condition on Lj.

We have to show that (p1,acy,«p pr) = (p1,ac1). By construction of the ;-
concurrent rule we have that acp, ., 5y = Shift(s1, 1, aco) AL(p7, Shift(e12, ac1)) =
Shift(sLL,aco) A\ L(p*{,Shift(elg,Shift(un,ac’l))) = Shift(sLL,aco) A\ L(pik,
Shift(e12 o w11, ac))) = Shift(s1,1, aco) A L(p}, Shift(vq, ac})) = acs. O

Remark 2. Note, that by construction the interface Ky of the kernel rule has to
be preserved in the complement rule. The construction of py is not unique w.r.t.
the property p1 = po *g, P1, since other choices for S; with M-morphisms s1;
and sy3 also lead to a well-defined construction. In particular, one could choose
S1 = Ry leading to p1 = E; <L Rio -2 Ry. Our choice represents a smallest
possible complement, which should be preferred in most application areas.

Definition 8 (Complement rule). Given rules pg = (Lo o Ko % Ry, aco)
and py = (Ly L K1 % Ry, acy), and a kernel morphism sy : pg — p1 then the

rule py = (L L Ky T, Ry,acy) constructed in Thm. 1 is called complement
rule (of s1).

Ezxample 2. Consider the kernel morphism s; depicted in Fig. 1. Using the con-
struction in Thm. 1 we obtain the diagrams in Fig. 3 leading to the complement
rule in the top row in Fig. 4 with the application condition ac; = —3Ja; con-
structed in the right of Fig. 2. Similarly, we obtain a complement rule for the
kernel morphism s, : pg — p2 in Fig. 1, which is depicted in the bottom row of
Fig. 4.

Each direct transformation via a multi rule can be decomposed into a direct
transformation via the kernel rule followed by a direct transformation via the
complement rule.

Fact 4 Given rules po = (Lg LU N Ry, acq) and p1 = (L4 P SR
Ri,acy), a kernel morphism s1 : pg — p1, and a direct transformation tq :
Po,mo

G B Gy then t, can be decomposed into the transformation G 22T2y

Go % G1 with mg = mq o 81,1 where Py is the complement rule of s;.

Proof. We have that p; = pg *g, p1. The

analysis part of the Concurrency Theorem [14]
Po,™mo

now implies the decomposition into G ===

G p1,m1 ~ Gl
1

m %,WT
Go

4 Multi-Amalgamation

G() % G]_ with mo =M1 0 S1,L- (]

In [4], an Amalgamation Theorem for a pair of graph rules without application
conditions has been developed. It can be seen as a generalization of the Paral-
lelism Theorem [5], where the assumption of parallel independence is dropped



1e
1@ I 1e
S1 2 By
Ch
S13 30514
10
o,
1; b | e S, e RN 1 1e 1@
Lo Ko S1 I i L I u13 T e
20 2@ 2 S1
s1,L (11) s1.x (61) s14 (71) w12 n K Ri
(71) + (91)
1 1e 1@
= = (o) (131) (1)
€12 Zn t1 s13

(81) + (91)

2e
Ky

L

Fig. 3. The construction of the complement rule for the kernel morphism s;

1 1@ 1 1 1
e i (B
2 20 2 2 2
Ly K Ri Ly
acy = ~Jar
1 1@ 1 1 1
S R I
3 3@ 3 3 3
Lz K2 I L2
acy = ~Jaz )

L

Fig. 4. The complement rules for the kernel morphisms
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and pure parallelism is generalized to synchronized parallelism. In this section,
we present an Amalgamation Theorem for a bundle of rules with application
conditions, called Multi-Amalgamation Theorem, over objects in an M-adhesive
category.

We consider not only single kernel morphisms, but bundles of them over a
fixed kernel rule. Then we can combine the multi rules of such a bundle to an
amalgamated rule by gluing them along the common kernel rule.

Definition 9 (Multi-amalgamated rule). Given rules p; = (L; LR
R;,ac;) for i = 0,...,n and a bundle of kernel morphisms s = (s; : po —
Di)i=1,...n, then the (multi-)amalgamated rule p, = (ES LN K, e, Rs,afcs) 18
constructed as the componentwise colimit of the kernel morphisms:

~ . !
- Ly = Col((si,0)i=1,..n), Po i aco [> Lo+—t—Ko—=—Ro

e G K S B MR

- pi: ac; L;~ K; 7 R,
- ls and 75 are induced by (t; 1, o > L . ' ' '
li)i=0,..n. and (t; R © T3)o=1....n, tll ti’Ll (14:) ti’Kl (15;) ti’Rl
respectively, Ps © acs e — 2 = R
- HTCS = /\izl,..‘,n Shift(ti7L,aCi). D s "

Fact 5 The amalgamated rule is well-defined and we have kernel morphisms
ti = (ti,L,tix,tir) 1 pi — Ps fori=0,...,n.

Proof.
First we show the well-definedness
of the morphism I[,. Consider

the colimits (Ls, (ti,1)i=0,....n) Of

($i,L)i=1,.n, (Ks, (tii)i=0,....n) Of
(8i,5)i=1,....n, and (Rs, (ti R)i=0,...n)
of (8i,R)i=1,....n, With to,« = t; x05; 4

for x € {L,K, R}. Since t; 1 ol; o

Si.k = ti,L ©8i, 0ly = to,r ©lp, we get an induced morphism l~S : K’S — f/s
with lsot; gk =t; 1 ol; for i =0,...,n. Similarly, we obtain 75 : K; — R with
Tsotixg =t;ror; fori=0,...,n.

The colimit of a bundle of n morphisms can be constructed by iterated
pushout constructions, which means that we only have to require pushouts
over M-morphisms. Since pushouts are closed under M-morphisms, the iter-
ated pushout construction leads to t € M.

It remains to show that (14;) resp. (14;) + (1;) and (15;) resp. (15;)+ (2;) are
pullbacks, and (14;) resp. (14;) + (1;) has a pushout complement for ¢; 1, ol;. We
prove this by induction over j for (14;) resp. (14;) 4 (1;), the pullback property
of (15;) follows analogously.

We prove: Let ij and Kj be the colimits of (s; 1)i=1,..; and (si k)i=1,....5,
respectively. Then (16;;) is a pullback with pushout complement property for all
i=0,...,7.



Basis j = 1: The colimits of: siL K, R Kot ok, % \
and s1, i are Ly and K, respectively,
which means that (160;) = (1) + " (1645) Nl lol (L) lll (1612) l
(1611) and (1611) are both pushouts | L Li  Lo—=iz I Ly |

and pullbacks.

Induction step j — j+1: Construct LJH
L +r, Lj+1 and KJH = K +x, Kjt1 as
pushouts and we have the followmg cube with
the top and bottom faces as pushouts, the
back faces as pullbacks, and by the van Kam-
pen property also the front faces are pullbacks.
Moreover, by Lemma A.3 the front faces have J
the pushout complement property, and by Lemma A.4 this holds also for (16;)
and (16,;) as compositions.

Thus, for a given n, (16;,) is the required pullback (14;) r
with pushout complement property, using K, =K, and L, =

Moreover, we have pushout comple- [

ij

/ Nik
J l

\ /}/ /+1
J+1 J+1

J+1

o I

-
\

J+1

resp. (14;) + (1;)
Ls.

Pbo: aco > L() o K[) o RO

ments (17;) resp. (17;) + (1}) for ¢, o

l;. Since acg and ac; are complement- St (19) wl (3:) e”l
compatible for all i we have that ac; & @ Pii 86 [> Li=—"—Ljo—"—FE
Shift(s;, ., aco) A L(p}, Shift(v;, ac})). For Wl (17:) ll (18:) ﬁfl
any acg, it holds that Shift(t;.,L(p},  pi: de,[> L,~—"—Ly—"—F

Shift(v;, ac})))) 22 L(p%, Shift(k; o v;, ac}))
>~ L(p%, Shift(, Shift(l;, ac}))), since all squares are pushouts by pushout-
pullback decomposition and the uniqueness of pushout complements.
Define acf := Shift(l;,ac,) as an application condition on Lg. It
follows that ac, = A,_; ,, Shift(t;r,ac;) = A,_; ,(Shift(t;r o
Si,L,aco) A Shift(¢; L (pZ,Shlf’é(q}“ac )))) = Shift(to,L,aco) A 7\i:1 o L5
Shift (v, ac})). 7
For i = 0 define acyy = A,_, ,acj, and hence ac; = Shift(to,z,aco) A
L(p%, Shift(v, acl,)) implies the complement-compatibility of acy and &acs. For
i > 0, we have that Shift(to 1., aco) A L(p%, Shift(9, ac})) = Shift(¢; 1, ac;). Define
acy; = \j_1,. i ac;, and hence at, = Shift(t; 1, ac;) A L(p, Shift(7, acl;)) im-
plies the complement-compatibility of ac; and ac,. a

The application of an amalgamated rule yields an amalgamated transforma-
tion.

Definition 10 (Amalgamated transformation). The application of an amal-
gamated rule to a graph G is called an amalgamated transformation.

Ezample 3. Consider the bundle s = (s1, 82,83 = s1) of the kernel morphisms
depicted in Fig. 1. The corresponding amalgamated rule ps is shown in the top
row of Fig. 5. This amalgamated rule can be applied to the graph G leading
to the amalgamated transformation depicted in Fig. 5, where the application
condition acy is obviously fulfilled by the match m.
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acs

V dacs = —3dby A =3ba A —=3bz A —Fbs

1 10 Iy 2 BI 4
% o ls s
Ps: b

3 4 2030 @4 2630 ®4
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2 1
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1
i 7 5 I 293 4
. 2e3 S \
1e 1|’ L. I
RNGEX £ 4
293 4 = 2030 @4 5 263 4
1] 1
586 @ 586 @ 586 @
& D 2 2 3I 4

Fig.5. An amalgamated transformation

If we have a bundle of direct transformations of a graph G, where for each
transformation one of the multi rules is applied, we want to analyze if the amal-
gamated rule is applicable to G combining all the single transformation steps.
These transformations are compatible, i.e. multi-amalgamable, if the matches
agree on the kernel rules, and are independent outside.

Definition 11 (Multi-amalgamable). Given a bundle of kernel morphisms
Pi,mi

s = (8 : Po = Di)i=1,...n, a bundle of direct transformations steps (G ==t
Gi)i=1,..n s s-multi-amalgamable, or short s-amalgamable, if

— 4t has consistent matches, i.e. m;os; = mjos;  =:mg foralli,j=1,...,n
and

— it has weakly independent matches, i.e. for all i # j consider the pushout
complements (1;) and (17), and then there exist morphisms pi; = Lio — Dj
and pj; : Ljo — D; such that fjop;; = m;ou,, fiop;; = mjou;, gjop;; = acj,
and g; o pj; = ac}.
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p1,m3

Fig. 6. An s-amalgamable bundle of direct transformations

Similar to the characterization of parallel independence in [2] we can give a
set-theoretical characterization of weak independence.

Fact 6 For graphs and other set-based structures, weakly independent matches
means that m;(L;) N'm;(L;) C mo(Lo) U (m;(Li(K5)) Nmy(Li(K;))) for all i #
Jj=1,...,n, i.e. the elements in the intersection of the matches m; and m; are
either preserved by both transformations, or are also matched by my.

Proof. We have to proof
the equivalence of m;(L;) Si,L
N my(L;) € mo(Lo) U | Ki—- Li/”
(ma(ls(K2)) 0 m; (15 (K;))) T
forall i # j = 1,...,n
with the definition of weakly independent matches.

“<” Let x = m;(y;) = m;(y;), and suppose = ¢ mo(Lo). Since (1) is a
pushout we have that y; = u;(2;) € w;i(Lio\w;(Kp)), and = = m;(u;(z)) =
fi(pi(2:)) = m;(y;), and by pushout properties y; € [;(K;) and x € m;(l,;(Kj;)).
Similarly, € m;(l;(K;)).

“=” For x € L;p, x = w;(k) define p;;(x) = k;(s; x(k)), then f;(pi;(x))
fitki(sjc(K)) = m;i(li(sj (k) = my(s;(lk))) = milsiplo(k)) =
m;(ni(w;(k))) = m;(u;(z)). Otherwise, z ¢ w;(Ky), i.e. u;(x) ¢ s;,(Lo), and de-
fine p;;(z) = y with f;(y) = m;(u;(x)). This y exists, because either m;(u;(z)) ¢
m;(L;) or m;(u;(x)) € m;j(L;) and then m;(u;(z)) € m;(l;(K;)), and in both
cases m;(u;(x)) € f;(D;). Similarly, we can define pj; with the required prop-
erty. O

0
lj

S; L
Ol >Lj g,
m;

G

/

Ezample 4. Consider the bundle s = (s1, s2, $3 = $1) of kernel morphisms from
Ex. 3. For the graph G given in Fig. 5 we find matches m¢ : Lo — G, m1 : L1 —
G, mo : Ls — G, and m3 : L1 — G mapping all nodes from the left hand side to
their corresponding nodes in G, except for mg mapping node 2 in Ly to node 4 in
G. For all these matches, the corresponding application conditions are fulfilled
and we can apply the rules py, po, p1, respectively, leading to the bundle of direct
transformations depicted in Fig. 6. This bundle is s-amalgamable, because the
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matches mi, ms, and m3 agree on the match mg, and are weakly independent,
because they only overlap in my.

For an s-amalgamable bundle of direct transformations, each single transfor-
mation step can be decomposed into an application of the kernel rule followed
by an application of the complement rule. Moreover, all kernel rule applications
lead to the same object, and the following applications of the complement rules
are parallel independent.

Fact 7. Given a bundle of kernel mor-
phisms s = (s; : po — Pi)i=1,..n and an S-
amalgamable bundle of direct transformations
(G 2224 Gy)iz1,..n then each direct transfor-

Pi,m;

mation G == G; can be decomposed into
a transformation G 222 G, 228 G,

Moreover, the transformations Gg U G; are pairwise parallel independent.

Proof. From Fact 4 it follows that each single direct transformation G 2225 G

can be decomposed into a transformation G PO, ™5 Gl L2 Gy with m =
m; o 8; 1, and since the bundle is s-amalgamable, mo = m; o s; 1 = mé and
Go =Gl foralli=1,...,n.

‘We have to show the pairwise parallel independence. From the constructions
of the complement rule and the Concurrency Theorem we obtain the following
diagram for all i =1,...,n.

Si,L (11) Si, K (6L)
L+ K, —bu
« lio (81)
Lipw—"*72
m; I
(L‘in¥
G fo Dy

For i # j, from weakly independent matches it follows that we have a mor-
phism p;; : Lijp — D; with f; o p;; = m; o ;. It follows that f; o p;j ow; =
m; ou; ow; = M; 08, 0lyg = mpoly = mjosjroly =mjoujow; =
mjoujoljposjxk =mjoljos;xg = fjok;jos;k,and with f; € M we have
that p;j o w; = kj o sj5 (%).

Now consider the pushout (19;) = (6;) + (8;) in comparison with object D;
and morphisms d; o p;; and x; o u;2 o s;3. We have that d; o p;j ol 08,k =

(*) .
djopijow; = djok;osj k = TjoTjp08j Kk = T;0W;0V;108jK = TjO0U;j208;308;1 =
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Tj0Ujz 0Ty = Tj O Ujg © 830 ;1. Now pushout (18;) induces a unique morphism
@i wWith g;; o ujn = dj op;; and g5 0l 0 834 = x5 0 uj2 0 5;3.

Pi,mq Ve N\

For the parallel independence of Gy =——% Ko—
G;, Gy 21y G;, we have to show that ¢;; : |, ... . (19,)
L, — ﬁj satisfies f? 0 @ij = kio 0 ej2 =: Ty;.

With fy € M and foodjoopi; = fjopi; =
m; ou; = fo O Cio it follows that djO O Pij = Tio
(#x). This means that f;og;jou;; = fjod;op;; =

@0d0 opi; (%) Jooxio = kijpoe;aousp. In addition, we have that ]TjO qij OEB Siqa =
Jjoxjoujzo sz =kjooUjoujo sz = kigolU;oujo sz =kioepol;osi.
Since (19;) is a pushout, u;; and I; o s;4 are jointly epimorphic, and it follows
that fj 0(@;j © €ig = kiO O €;2.

If acyp and ac; are not complement-compatible, then ac; = true and trivially
J; © ¢ij = ac; for all j # i. Otherwise, we have that g; o p;; = acj, and with
gj 0 pij = Gj o dj o pi; = Gj © ¢;j © u; it follows that gj o ¢;; o u;1 = ac), which is
equivalent to gj o ¢;; = Shift(u;1,ac)) = ag;. O

If a bundle of direct transformations of a graph G is s-amalgamable, then we
can apply the amalgamated rule directly to G leading to a parallel execution of
all the changes done by the single transformation steps.

Theorem 2 (Multi-Amalgamation). Consider a bundle of kernel morphisms
s = (Si Po — Pi)z‘:1,...,n-

1. Synthesis. Given an s-amalgamable bundle of direct transformations

(@ Lo, Gi)i=1,....n then there is an amalgamated transformation G %

H and transformations G; =% H over the complement rules q; of the kernel

morphisms t; : p; — P such that G 222 G Ly H s a decomposition of

G Loy e’
Pi,m; qi

2. Analysis. Given an amalgamated transformation G £22Zs H then there are
si-related transformations G 2224, G L H for i = 1,...,n such that
G 2 G, is s-amalgamable.

3. Bijective Correspondence. The synthesis and analysis constructions are in-
verse to each other up to isomorphism.

Proof. 1. Synthesis. We have to show that ps is applicable to G leading to an
amalgamated transformation G 2222 H with m; = mot; 1, where t; : p; — p;
is the kernel morphism constructed in Fact 5. Then we can apply Fact 4 which
implies the decomposition of G 22 H into G 222 G; Ly H, where ¢; is
the (weak) complement rule of the kernel morphism ¢;.

Given the kernel morphisms, the amalgamated rule, and the bundle of direct
transformations, we have pullbacks (1;), (2;), (14;), (15;), and pushouts (20;),
(215).
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/300 D Lo o Ky To R,
“‘“Ll (L) “"““l (2:) l

ac; [> L; 7 Ki———R . .
2 (7 L (LS B B D O 2

dcs [> L, T K,—5—R, G+—F—Di—5—GC

[S)

s

i, R

=

J

Using Fact 7, we know that we can apply pg via mg leading to a direct
Po,mo

transformation G === G, given by pushouts (20g) and (21y). Moreover, we
find decompositions of pushouts (20p) and (20;) into pushouts (1;) and (22;)

resp. (22;) and (23;) by M-pushout pullback decomposition and uniqueness of
pushout complements.

Ly L Ky
Sz,f‘l (1;) wli olie
Lo Ky 0 Ry L; 5 Lig+~—;
mol (200) kol (210) l"o m; (221) ‘le (231) lkq
G f DO Jo GO G fo DO dio g
Since we have consistent matches, m; o s; , = mg for all ¢ = 1,...,n. Then

the colimit L, implies that there is a unique morphism m : L, — G with
mot; 1, = m; and moty 1, = my (a). Moreover, m; = ac;, = mot; 1, = ac; = m |=
Shift(t;,z,ac;) for all i = 1,...,n, and thus m =acs = A,_; , Shift(¢; 1, ac;)

Weakly independent matches means that there exist Iﬁofphisms pi; with
fjopij = myou,; for i # j. Construct D as the limit of (dip)i=1,..,, with
morphisms d;. Now fy being a monomorphism with fy o djg o pj; = fiopjs =
mjou; = fooq; implies that d;gopj; = g;. It follows that dipop;; 0lj0 = g 0 ljo,
and together with d;g o k; = ¢; o l;0 limit D implies that there exists a unique
morphism r; with d; or; = pj; 0lj;, djor; = ks, and dyp o1 = g5 0ljo (d).

Similarly, f; being a monomorphism with f; op;jolipo0s; x =m;ou;ow; =
m; © S; L © l() = mgp © lo = Mm; 0850 lo =m; o lj O S K = fj o k‘j O Sj K implies
that p;; o lip 0 s,k = kj 0 55, k. Now colimit f(s implies that there is a unique
InOI‘phiSHlS fj with fj ¢} ti,K = Pij © li07 fj o th( = k‘j, and ’I:j o t07K = k‘j 0S8 K
(C). Since diO ] ’I:z o] ti7K = diO o ki = q; © lz'O = djO O pij © liO = djO o] fj (o] ti7K and
diO o 7:1' o t07K = diO o kl 08K = ]430 = djO o 7:]‘ o tO,K colimit f(s implies that for all
i,7 we have that d;g o 7; = djo o 7; =: 7. From limit D it now follows that there
exists a unique morphism k with d; o k = 7; and dg o k = 7 (d).
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We have to show that (205) with f = fqody is a pushout. With f ol;oti7K =
foodgokot; o = fooFot; g = foodigoTiot; k = foodigok; = fiok; = m;ol; =
motipol;=1molsotix and fokotox = foodyokotox = foF otox =
foodigoFiote k = foodigokios; x = fooke = mgoly = motg roly = Mol oty i
and K, being colimit it follows that f o k = 1 ol,, thus the square commutes.

Pushout (23;) can be decomposed into pushouts (24;) and (25;). Using Lemma
A5 it follows that Dy is the colimit of (z;);=1,...n, because (23;) is a pushout,
D is the limit of (d;0)i=1,....n, and we have morphisms p;; with d;o o p;; = ¢;.
Then Lemma A.6 implies that also (25) is a pushout.

- N

Lo+— K, K—71 .p 4 .p g Tw.,. 1,
ﬁ{ (205) Jk lwl (24;) lT (25;) ldw TJ (25) l&
G 7 D LiO Ti0 Pl Yio DO D do DO

Now consider the co-

equalizers K, of (ig, o K /OSYN
SiK - Ky — +Ki)i:~l7...,n T’t“-j(\* iKoT

(which is actually K, by

construction of colimits), D /’W/ +Ki\~%‘

Ly of (ip,, ow; : Ky — k < +Lig ) i
+Lig)i=1,.. n (as already J" K Lo
constructed in Fact 5), D idpg \ R l_cl (26)

D of (];} o tO,K : KO — do b */L0 D 7 Dy
D)i:l,...,na and DO of | 0 J
(ko : Ko — Dg)i=1,....n. Consider the following cube, where the top square
with identical morphisms is a pushout, the top cube commutes, and the middle
square is pushout (25). Using Lemma A.7 it follows that also the bottom (26)
constructed of the four coequalizers is a pushout.

Now consider the following cube, where the top and middle squares are
pushouts and the two top cubes commute. Using again Lemma A.7 it follows
that (205) in the bottom is actually a pushout, where (27) = (1}) 4+ (17;) is a
pushout by composition. Now we can construct pushout (21,) which completes

the direct transformation G % H.

Ko g

zal @7) l

LO to, K f/s

~ I, ~ 7y

L K s

r"n. (205) & (215)

%ml
St v

@
o
T




20

2. Analysis. Using the kernel morphisms ¢; we obtain transformations G 224

G; L5 H from Fact 4 with m; = mo t; .. We have to show that this bundle of
transformation is s—amalgamable. Applying again Fact 4 we obtain transforma-

tions G % Pi L G with m§ = m; o s;,r.. It follows that mé =m;o Si =
mot; o8, = motO,L =motj 08, =m;os;r and thus we have consistent
matches with mg := m} well-defined and Gy = GY,.

It remains to show the weakly independent

matches. Given the above transformations we have Ko Lo
pushouts (200), (20;), (205) as above. Then we | l (27) lt“
can find decompositions of (20y) and (205) into | K Lo——L,

pushouts (27) + (28) and (26) + (28), respectively. El (26) l (28)  |m
Using pushout (26) and Lemma A.8 it follows | p
that (25) is a pushout, since K, is the colimit of
(si,1)i=1,..n and Lo is the colimit of (wi)i=1,...n, and idg, is obviously an epi-
morphism.

Now Lemma A.6 implies that there is a decomposition into pushouts (24;)
with colimit Dg of (x;)i=1,... » and pushout (25;) by M-pushout pullback decom-
position. Since Dy is the colimit of (z;);=1,...» and (25;) is a pushout it follows
that D; is the colimit of (2;)i=1,...j—1j+1,..,n With morphisms ¢;; : P; — D;
and djo o ¢;j = yio. Thus we obtain for all ¢ # j a morphism p;; = g;; © x40 and
fiopij = foodjooqijoxi= fooyiooTio=m;o0u.

Ve N\

Ki—"—p—% D,
’wl l’ﬂ (251') ldw
w; Tj =
Ko Lig——=——>Pi——5—Do
| @ | 5
0 0
LO 5i.L Lz My G

N J

3. Bijective Correspondence. Because of the uniqueness of the used construc-
tions, the above constructions are inverse to each other up to isomorphism. 0O

Remark 3. Note, that g; can be constructed as the amalgamated rule of the

. I 1dK0 ZdKO
kernel morphisms (px, — Dj);-i, where px, = (Ko «— Ko — Ky, true)) and
p; is the complement rule of p;.

For n = 2 and rules without application conditions, the Multi-Amalgamation
Theorem specializes to the Amalgamation Theorem in [4]. Moreover, if pg is the
empty rule, this is the Parallelism Theorem in [14], since the transformations
are parallel independent for an empty kernel match.

Ezample 5. As already stated in Example 4, the transformations G 2Ly G4,
G 22, Gy, and G 225, G5 shown in Fig. 6 are s-amalgamable for the
bundle s = (s1, 82,53 = 51) of kernel morphisms. Applying Fact 7, we can de-
compose these transformations into a transformation G 2222 Gy followed by

transformations Go 22y Gy, Go 22224 Gy, and Gy 22T G5 via the com-
plement rules, which are pairwise parallel independent. These transformations
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1 g g N
D0, TR P12
2 3I 4 a1, 3I s B o s 4 20380 4 203 4
506 o7 506 o7 5 GI [ X4 5 GI [ X4 5 SI [ 34
G Go G G Gs

D1, M3

Fig. 7. The decomposition of the s-amalgamable bundle

are depicted in Fig. 7. Moreover, Thm. 2 implies that we obtain for this bundle
of direct transformations an amalgamated transformation G £22=s H, which is
the transformation already shown in Fig. 5. Vice versa, the analysis of this amal-
gamated transformation leads to the s-amalgamable bundle of transformations

Pp2,m2

G2, ¢, G212, Gy, and G 2222 G4 from Fig. 6.

Extension to Multi-Amalgamation with Maximal Matchings

An important extension of the presented theory is the introduction of interac-
tion schemes and maximal matchings. An interaction scheme defines a bundle of
kernel morphisms. In contrast to a concrete bundle, for the application of such
an interaction scheme all possible matches for the multi rules are computed that
agree on a given kernel match and lead to an amalgamable bundle of transfor-
mations. In our example, the interaction scheme is = {s1, s2} contains the two
kernel morphisms from Fig. 1. For the kernel match mg, the matches my, msy, ms
are maximal: they are s-amalgamable, and any other match for p; or py that
agrees an mg would hold only already matched elements. This technique is very
useful for the definition of the semantics of visual languages. For our example
concerning statcharts [11], an unknown number of state transitions triggered by
the same event, which is highly dependent on the actual system state, can be
handled in parallel.

5 Conclusion

In this paper, we have generalized the theory of amalgamation in [4] to multi-
amalgamation in M-adhesive categories. More precisely, the Complement Rule
and Amalgamation Theorems in [4] are presented on a set-theoretical basis for
pairs of plain graph rules without any application conditions. The Complement
Rule and Multi-Amalgamation Theorems in this paper are valid in adhesive
and M-adhesive categories for n rules with application conditions [13]. These
generalizations are non-trivial and important for applications of parallel graph
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transformations to communication-based systems [8], to model transformations
from BPMN to BPEL [15], and for the modeling of the operational semantics
of visual languages [9], where interaction schemes are used to generate multi-
amalgamated rules and transformations based on suitable maximal matchings.

The theory of multi-amalgamation is a solid mathematical basis to analyze
interesting properties of the operational semantics, like termination, local con-
fluence, and functional behavior. However, it is left open for future work to
generalize the corresponding results in [2], like the Local Church—Rosser, Paral-
lelism, and Local Confluence Theorems, to the case of multi-amalgamated rules,
especially to the operational semantics of statecharts based on amalgamated
graph transformation with maximal matchings in [11].
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A Additional Lemmas

The following lemmas are valid in all adhesive and M-adhesive categories and
used in the proofs of the main theorems.

Lemma A.1. If (1) is a pushout, (2) is [ ,__m g A m .5
a pullback, and n' € M then there ewists fl M lg @ Jg
a unique morphism ¢ : C' — C such that

cof'=f,noc=n', and c € M. e /C ——=+D

Proof. Since (2) is a pullback, n’ € M implies that m € M, and then also
n € M because (1) is a pushout.

Construct the pullback (3) with v,v’ € M, and since n’ o f = gom =no f
there is a unique morphism f*: A — C” with vo f* = f and v’ o f* = f. Now
consider the following cube (4), where the bottom face is pushout (1), the back
left face is a pullback because m € M, the front left face is pullback (2), and the
front right face is pullback (3). Now by pullback composition and decomposition
also the back right face is a pullback, and then the VK property implies that
the top face is a pushout. Since (5) is a pushout and pushout objects are unique
up to isomorphism this implies that v is an isomorphism and C” = C’. Now
define ¢ := v/ o v™! and we have that co f/ = v ov™lo f = v o f* = f,
noc=mnov ov~! =n/, and ¢ € M by decomposition of M-morphisms.

N\

A\ : J>
1" \ CN
I ® /‘/ \ l ® |
C \ C f/ C//
O
Lemma A.2. If (1) 4+ (2) is a pullback, (1 ) isa | ’ . )
pushout, (2) commutes, and o € M then also ( 4 B y
a pullback. l l (2) l"
7 F

J

Proof. With o € M, (1)+(2) being a pullback, and (1 ) belng a pushout we have
that m,n € M. Construct the pullback (3) of 0 and ¢, it follows that m € M
and we get an induced morphism b: B — B with Gob =g, mob = n, and by
decomposition of M-morphisms b € M.

By pullback decomposition, also (4) is a pullback and we can apply Lemma 1
with pushout (1) and 7@ € M to obtain a unique morphism b € M with nob =7n
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and bobo f = f. Now n € M an(inogog:ﬁd) = n implies that bob=idg,
and similarly m € M and mobob =nob = n implies that b ob = idg, which
means that B and B are isomorphic such that also (2) is a pullback.

!
=
b
.
Sy
al
=

:T ® o (@) T ® | Tbof ® b
D D B

Lemma A.3. Given the following commutative w
cube with the bottom face as a pushout, then
the front right face has a pushout complement \
over g o b if the back left face has a pushout
complement over f oa.

i

vy}

Proof. Construct the initial
pushout (1) over f. Since the
back left face has a pushout
complement there is a mor-

phism b* : By — A’ such that afl @) l"’
a o b* = by. Since the bot-
tom face is a pushout, (2) as
the composition is the initial
pushout over g. Now bom' o
b* =moaob* =moby, and thus the pushout complement of g o b exists. O

) ———

Lemma A.4. Given pullbacks (1) and (2) with pushout com- [, w  p

plements over f'om and g’ on, respectively, then also (1)+(2) o |
has a pushout complement over (¢’ o f') om.
D
g9 (2) g'
E 5 F
Proof. Let C’' and E’ be the B A—m g |
pushout complements of (1) and f
(2), respectively. By Lemma 1 there | // /v S ! @ 4
are morphisms ¢ and e such that i/> © ‘ ¢ 2
Cof:f*7 n*OC:n,eOg:g*7 g - lq g*l (3) (4) g
and o* o e = 0. Now (2') can be §/>#F E—G F

decomposed into pushouts (3) and
(4), and (1) + (4) is also a pushout and the pushout complement of (¢’ o f')om
O



Lemma A.5. Given the [ . Py )
pushouts (1;) and (3;) 4i — G = - B &
with b; € M for i = ’”‘l (1) lcl :/(QN x}f
1,...,n, morphisms f;; : Bi———D Ci——<—D D

Bi — Cj with Cjofij = di
for alli # j, and the limit
(2) such that g; is the in-
duced morphism into E T
using c;jo fijob; = d;ob; = o '/L(3) \
cioa;, then (4) is the col- a—

imit of (hi)i=1,....n, where - s J
l; is the induced morphism from pushout (3;) compared with€og; = ¢;0e;0g; =
cioa; =d;ob;.

A; E L F;

e I
i#j:fi;0b 5 \ewous

Proof. We prove this by induction over n.
IB.n=1
For n = 1, we have that C; is
the limit of ¢, i.e. E = (4, it
follows that F; = C; for the b"l (11)
pushout (3;) = (1), and obvi- | Bi—3—=D Ci—=
ously (41) is a colimit. \
IS n—-n+1
Consider the pushouts (1;) with b; € M for i = 1,...,n + 1, morphisms f;; :
B; — C; with ¢j o f;; = d; for all i # j, the limits (2,,) and (2,41) of (¢;)i=1,...n
and (¢;)i=1,..n+1, respectively, leading to pullback (5,4+1) by construction of
limits. Moreover, g;, and ¢;,4+1 are the induced morphisms into F,, and E, 11,
respectively, leading to pushouts (3;,) and (3;,+1). By induction hypothesis, (4,,)
is the colimit of (hip)i=1,... n, and we have to show that (4,41) is the colimit of

p

Ag—2 =@h ©h Ch—=L

eyl
b J

-—
o
‘\m

—
[\
S
/

(hin+1)i=1,....n+1-

Ai = Cz En Az gin En En hn -F'm
bs (L) e b & bl (Bin) [k D\ )
(2n) A €n lin
Bi—3——D Ci——=—D Bi—Ft=>—F, D
En+1 Entint} Cn+1 En+1 A7 Gintl En+1 En+1 Bini) Fi7L+1
ein entl 4
i Tl i N B U e
En Tn D CL @A D Bz oo En+1 D

N

Since (2,,) is a limit and ¢; o f11; = dp4q for all ¢ = 1,...,n, we obtain a
unique morphism m,,+1 with e;, o my41 = frni1s and €, o my41 = dp41. Since
(1,+1) is a pushout and (5,.+1) is a pullback, by M-pushout-pullback decompo-
sition also (5,,41) and (6,41) are pushouts, and it follows that F,, 11,41 = E,.
From pushout (3;,+1 and hip © ppi1 © gint1 = hin © gin = kin 0 b; we get an
induced morphism @;n+1 With @in+10hin+1 = hin0pn+1 and giny1 0 kint1 = kin,
and from pushout decomposition alsy (7;,+1) is a pushout.



An+1 Gin

m
In+in+l €ntin41 Gint1 Pnt1
An+1 e En+1 uSR Cn+1 A1 = En+1 = En

bn+1l (6741) lﬁnﬂ (5n41) lcwl bll (Bint1) lhm+1(7m+1) lhm

Bn+1 Mnt1 En >y D Bz Kint1 Fin+1 Qint+1 Fin
dnt1 Fin

To show that (4,41) is a colimit, consider an object X and morphisms (x;)
and y with x; o hypy1 =y fori =1,...,n and 2,41 © pr41 = y. From pushout
(7in+1) we obtain a unique morphism z; with z; o ¢;p+1 = x; and z o hy, =
Zp+1. Now colimit (4,) induces a unique morphism z with z o€, = z,41 and
z0lin = z;. It follows directly that zol;, 11 = 200 0Gint1 = 2i©Gint1 = ; and
ZO0€pt] = Z0€,0Pntl = Tnt1 ©Ppt1 = Y. The uniqueness of z follows directly
from the construction, thus (4,,41) is the required colimit.

e N

ET;::I/E"H \h’nﬁzlnﬂ

hm+1 m+1

Qin+1 Erl

O

Lemma A.6. Given the following diagrams (1;) fori=1,...,n, (2), and (3),
with b = 4b;, and a and e induced by the coproducts +A; and +B;, respectively,
then we have:

1. If (1;) is a pushout and (2) a colimit then also (3) is a pushout.
2. If (3) is a pushout then we find a decomposition into pushout (1;) and colimit
(2) with €; O di = €0 iBi

i—%—C C—=—D; +A—t—++B i——B;
bll (11) l@ X‘(Q% al (3) le @ _ l“‘l = ip l _ €iod
B; d i K C C C @ +A4; b +B; € E

Proof. 1. Given an object X and morphisms y, z with y oa = z o b. From
pushout (1;) we obtain with zoip, 0b; = zobois, = yoaois, =yoa; a
unique morphism z; with z; o ¢; = y and z; od; = z o ip,. Now colimit (2)
implies a unique morphism x with z o ¢ = y and xz o e; = z;. It follows that
roeoip, =roe;od; =x;0d; = z01p,, and since z is unique w.r.t. zoip,
it follows from the coproduct that z = x o e. Uniqueness of x follows from the
uniqueness of z and x;, and hence (3) is a pushout.
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ay o bly
@ g E X
NX

2. Define a; := a o iy,. Now construct pushout (1;). With e o ip, 0o b; =
eoboia, = coa,; pushout (1;) induces a unique morphism e; with e;od; = eoip,
and e; o ¢; = c¢. Given an object X and morphisms y, y; with y; o¢; = y we
obtain a morphism z with zoip, = y; o d; from coproduct +B,. Then we have
that yoaoiy, = y;0ci0a; = y;od;ob; = zoip, ob; = zoboiyu,, and
from coproduct +A; it follows that y o a = z o b. Now pushout (3) implies a
unique morphism z with z o ¢ = y and 2 o e = z. From pushout (1;) using
xoeod; =xoeoip =zoip, =y;od;and xoe0oc; =xo0oc=y=y;o0c it
follows that z o e; = y;, thus (2) is a colimit.

N

(1) e
d;
v

Ai—% Bi—% 4B +4;—% 1B
b,l (1;) Ll s yiod, lz al (3) el
Bi—% D, : X C c E ¥
N‘ X
¢ U
X

O

Lemma A.7. Consider colimits (1) — (4) such that (5;) is a pushout for all
i=1,...,n and (Tx) — (9%) commute for all k = 1,...,m. Then also (10) is a
pushout.

A—*—4;, B—> B, C¢—=*+C D—2%D; A—L B
1 2 3 4

NOL NOL NOL N4 W e

A B C D Ci D

A7 f B7 Az = Cl Bi hs Di Cl ki Dl Z i E

akl (Gk) lbk “kl (7k) lpk bkl (Sk) ldk Ckl (Qk) ldk El (10) lﬁ

Aj—p—B; Aj—3—C Bj—p—D; C——D; C——=—D

Proof The morphisms f, g, h, and k are uniquely induced by the colimits. We
show this examplarily for the morphism f: From colimit (1), with b; o f; o a) =
bjobyo fi = b;o f; we obtain a unique morphism f with foa; = b; o f;. It follows
directly that koh = ho f.

Now consider an object X and morphisms y, z with y 0§ = z o f. From
pushout (5;) with yoGog; = yogoa; = zo foa; = zob; o f; we obtain a unique
morphism z; with 2; 0 k; =y o and x; 0 h; = z 0 b;.
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4

G A : _ 1 ) 2 B
] f . fi . J
w4 B4 it RC)
N

fof\ A [fer, T—F D ¥ Ci—t D, N B [
l G W |
B X X

Forall k =1,...,m, zjodyok; =x;0kjocy, =yocjoc,y = yoc and

wjodyoh; =xj0hjob, =z0bjoby = zo0b;, and pushout (5;) implies that
x; = xj o di. This means that colimit (4) implies a unique = with x o d; = ;.
Now consider colimit (2), and zohob; = rod; oh; = x;0h; = zob; implies that
x oh = z. Similarly, o k = y, and the uniqueness follows from the uniqueness
of z with respect to (4). Thus, (10) is indeed a pushout. O

Lemma A.8. Consider colimits (1) and (2) such that (3;) commutes for all
i=1,...,n, f is an epimorphism, and (4) is a pushout with f induced by colimit
(1). Then also (5) is a pushout, where ¢ and d are induced from the coproducts.

A—2 i B—Y% B I ~p A—L —~F +A4—LwyB;
AR N S A RN
\ A B Ai—5—Bi C——=—D C(C——= D )

Proof. Since (1) is a colimit and b; o fioa; = b;ob;0 f = bo f, we actually get an
induced f with fo@ = b;o f; and fo@ = bo f. From the coproducts, we obtain
induced morphisms ¢ with cois, =¢oa; and d with d oip, = d o b;. Moreover,
for all i = 1,...,n we have that do (+f;) 0ia, = doip,of; =dob;of; =
do fo@; = eoCo@; = eocoiy,. Uniqueness of the induced coproduct morphisms
leads to do (+f;) = eoec, i.e. (5) commutes.

Ai—2 b Ay Bi—2 4B, A— 4
Zoq Jc Fobe ld fi +f
B; +B;

J

We have to show that (5) is a pushout. Given morphisms z, y with z o ¢ =
yo (+fi), we have that yoip, objo f =yoip, o fioa;=yo(+fi)oia 0a; =
xocoig,; 0a; = xocoq;oa; = xocoa foralli =1,...,n. f being an epimorphisms
implies that y o ip, o b; = y oip, ob; for all 4,j. Now define y' := y oip, o b;,
and from colimit (2) we obtain a unique morphism 7 with 7o b; = y o ip, and
yob=1y'

Now zoGo@; = xocois, =yo(+f;)oia, =yoip,of; =yob;ofi=7ofoa
and tocoa@=x0c¢o@oa; =yo fojoa; =7o foda, and the uniqueness of
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the induced colimit morphism implies that o f = x o¢. This means that X can
be compared to pushout (4), and we obtain a unique morphism z with zod =7
and zoe=2x. Now zodoip, = zodob; =Fob; = yoip,, and it follows that
zod = y. Similarly, the uniqueness of z w.r.t. the pushout propert of (5) follows,
thus (5) is a pushout.

e N

+A—Hi B
o]

o D\
X




