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Abstract

Attributed graphs and typing play an important role in theory and applications of
graph grammars, graph transformation systems, visual languages and metamodelling.
Attributed graphs can be represented basically as pairs of graphs and algebras on one
hand and as algebras of suitable algebraic signatures on the other hand. In this note
the different notions are compared on the syntactical and on the semantical level. Two
different kinds of algebraic signatures for attributed algebras are discussed leading to
different results on both levels. In the case of attributed graph signatures the corre-
sponding category of algebras is isomorphic to the category of typed attributed graphs,
while we have only a non-surjective functor in the more general case of attributed alge-
bras for graph structure signatures. An overview of all results is given in the last section
of this paper.
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1 Introduction

In this note we discuss different versions of attributed graphs and typing in the area of
graph transformation systems and discuss their relationship. Perhaps the most intuitive
notion is to define attributed graphs as pairs AG = (G, A) of a graph G and an algebra
A of a given data type signature DSIG, where specific domains of A, the attribute
values, are considered as part of the vertices of the graph G (see [HKT02]). Together
with suitable attributed graph morphisms, consisting of pullback-compatible pairs of
graph and algebra homomorphisms, we obtain the category AGraphs of attributed
graphs. Given in addition an attributed type graph ATG = (TG, Z), where Z is the
final DSIG — algebra, we obtain as comma category the category AGraphs ;. of
ATG-typed attributed graphs of graph transformation (see [Ehr79], [Roz97]).

From a theoretical point of view, especially in view of high-level replacement systems,
[EHKP91],we would like to represent AGraphs 7 as a category of algebras for a given
algebraic signature. The most obvious choice for this purpose seem to be attributed
graph structure signatures ASSIG = (SIG, DSIG): They consist of a graph structure
signature SIG, an algebraic signature with unary operation symbols only, and a data
type signature DSIG, where the sorts of SIG and DSIG overlap in attribute value
sorts. In fact, there is an injective functor from the category of ASSIG — algebras
to the category AGraphs ,;, which - however - is not an isomorphism of categories
in general. This functor is based on a representation of graph structure signatures as
graphs, where all sorts of the signature are considered as vertices of the graph and the
unary operations as edges. A more compact representation as graph can be obtained
if the sorts of the graph structure signature are divided into vertex and edge sorts. In
this case the vertex sorts are represented as vertices and the edge sorts as edges of the
graph, where source and target of the edges are defined by the signature of the operation
symbols. This special kind of graph structure signature is called graph signature. Taking
graph signatures GSIG instead of graph structure signatures SIG and attributed graph
signatures ASTG = (GSIG, DSIG) instead of attributed graph structure signatures has
three advantages:

1. The representation of graph signatures as graphs is much more intuitive and com-
pact than that of graph structure signatures, where some of the sorts of the sig-
nature have to be interpreted as attribute carrier nodes in the graph. In a similar
way the representation of attributed graph signatures as attributed graphs is much
more intuitive and compact than that of the more general attributed graph struc-
ture signatures.

2. Based on the more compact representation discussed above, there is an isomor-
phism of the category ASIG-Alg of ASIG—algebras with the category AGraphs 4,
where AT'G is the compact representation of the attributed graph signature ASIG.

3. The category ASIG-Alg,, of typed ASIG — algebras, where the type algebra
T A is an arbitrary ASIG —algebra, is isomorphic to the category AGraphs; ,. of
typed attributed graphs, where the attributed type graph T AG is obtained from



T A according to the isomorphism discussed above. This means that T'AG is typed
over ATG, such that the attributed graphs in AGraphs; 4. are double typed.

In sections 2 and 3 of this note we present attributed graphs and attributed graph
signatures as discussed above. In section 4 we show the bijective correspondence be-
tween attributed graph signatures and attributed type graphs ATG = (TG, Z) with final
DSIG—algebra Z. In section 5 we show the isomorphism ASIG-Alg — ~AGraphs 4,
and the isomorphism ASIG-Alg;, — ~AGraphs; . together with some examples
in section 6. In section 7 we briefly sketch the corresponding results for general graph
structure signatures instead of the more specific graph signatures. It is important to
note that we obtain an isomorphic representation of typed attributed graphs in sections
5 and 6, but only a non-surjective functorial representation in section 7. In section 8
we give an overview of all the results. For all of the results we have proof sketches, but
only the main constructions are presented together with examples in this note.
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2 Attributed Graphs and Typing

In this section we follow the approach in [HKT02] to introduce attributed graphs AG =
(G, A) as pairs of a graph G and an algebra A with data type signature DSIG in the
sense of algebraic signatures and data types (see [EM85]). Some of the domains of A
serve as attribute values. For this reason they are considered as part of the vertices of the
graph G such that the attribute assignment can be given by edges in G. Attributed graph
morphisms are pairs of graph morphisms and algebra homomorphisms with a suitable
compatibility, called pullback-compatibility, which is stronger than the compatibility
required in [HKTO02]. For typing we consider specific attributed graphs as attributed
type graphs ATG = (TG, Z), where Z is required to be the final DSIG — algebra.
A typed attributed graph over AT'G consists of an attributed graph AG and a type
morphism ¢ : AG — ATG. Note that the data part tp : A — Z is uniquely determinated
by the fact that Z is a final algebra.

Altogether we obtain two important categories, the category AGraphs of attributed
graphs and the category AGraphs ;. of ATG-typed attributed graphs.

Definition 1

Given a data type signature DSIG = (Sp, OPp) with attribute value sorts S’ C Sp,
an attributed graph AG = (G, A) consists of a

graph G = (Gv, Gg, sourceg, target) and an

algebra A which is a DSIG-algebra with U A, C Gy (attribute values are vertices)

ses’

An attributed graph morphism f : AG; — AG, from AG; = (G1, A1) to AGy =
(G27A2) iS a pa‘ir f = (fGa fA)a

fa : Gy — G5 graph morphism

fa: Ay — Ay algebra homomorphism with PB-compatibility, i.e. (1) is pullback in
the category Sets for all s € S".

fAs
A 1s A 2,S

) (\
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This leads to the category
AGraphs = Category of attributed graphs,



where attribute graphs are the objects and the morphisms are given by attributed graph
morphisms.

An attributed type graph ATG = (TG, Z) is an attributed graph, where Z is a final
DSIG-algebra with Z; = {s} for all s € Sp.

This leads to the category
AGraphs ;. = Category of ATG-typed attributed graphs,
defined as comma category over AGraphs.

This means that the objects of AGraphs 4, are given by pairs (AG,t: AG — ATG)
of attributed graphs AG with type morphism t : AG — ATG, and the morphisms in
AGraphs ;. are given by f : (AGy,t1) — (AGa,t3), where f : AG; — AG, is an
attributed graph morphism with t; = ¢5 o f.

Examples will be given in sections 4 to 7.

Remarks

1. For attributed graphs AG = (G, A) only attribute values As(s € S’) are required
to be vertices in GG. Edges in G with sources in data domains A, for s € S’ are
allowed for graphs without typing, but can be prohibited for ATG-typed attributed
graphs if ATG has no edges with source in 5.

2. For attributed graph morphisms the PB-compatibility is stronger than inclusions
fas C fa, for s € S'. It makes sure that we have in addition fc;é (Ays) = Ay
which is essential for most of the results.

3. For attributed type graphs ATG = (TG, Z) the algebra Z is final, but we will
also consider arbitrary attributed graphs as type graphs, called TAG = (TG, A)
in this case, s.t. AGraphs; ,, = Category of TAG-typed attributed graphs.



3 Attributed Graph Signatures

In this section we follow the idea of [LKW93] to consider attributed graphs as algebras
of a specific algebraic signature. In [LKW93] graph structure signatures have been con-
sidered for the graph part. This idea will be discussed in Section 7. In this section
we consider a specific subclass of graph structure signatures, called graph signatures,
which allow a very compact representation as graphs (see section 4). Graph signatures
GSIG can be extended by data type signatures DSIG leading to attributed graph sig-
natures ASIG = (GSIG, DSIG). This approach allows to consider attributed graphs
as ASIG — algebras, where the GSIG-part corresponds to the graph and the DSIG-part
to the attribute algebra. An overlap of sorts in GSIG and DSIG leads to a connec-
tion between both parts which represents the attribute functions. The correspondence
between attributed graph signatures and attributed type graphs will be discussed in
Section 4.

Definition 2

A graph signature GSIG = (Sg, OPg) is an algebraic signature with

Se = Sy U Sg (distinction of vertex and edge sorts),

OPgq :UeegE OP. OP,={srce,tar.}, e€ Sp with

srece 1 e — vy (e)

tar, 1 e = vy(e)  for vi(e),ve(e) € Sy.

An attributed graph signature ASIG = (GSIG, DSIG) consists of

GSIG = (Sg, OPg) graph signature

DSIG = (Sp,OPp) data type signature with value sorts S” C Sp and

S" C Sy (value sorts of DSIG are vertex sorts of GSTG)

Sa = SeUSp (sorts of ASIG defined by union)

OP, = OPgUOPp (opns of ASIG defined by union where OP; N OPp = ().

The class of all attributed graph signatures ASIG = (GSIG, DSIG) with fixed data
type signature DSIG is denoted by AGraphSig.



Remarks

1. A graph signature is a special kind of graph structure signature SIG, where all
operation symbols are unary. In a graph signature vertex sorts correspond to
vertices and edge sorts to edges of a graph, while for graph structure signatures
all sorts correspond to vertices of a graph.

2. Attributed graph signatures are a special case of LKW-signatures considered by
Lowe, Korff and Wagner [LKW93].

3. In order to avoid edges in the graph part with source in a value sort we can require
vi(e) € Sy — ' for sre. 1 e — vy (e).

Example 1

An example of an attributed graph signature is given by ASIG = (GSIG, DSIG) below,
where the sort nat is shared between GSIG and DSIG.

GSIG = vertex sorts : vy, vg, nat
edge sorts : €1, €3, €
opns : STCe, t €1 — Uy

tare; 1 €1 — Vg
STCen & €1 — Vg
tares 1 €1 — Uy
STCeq = €9 — Vo
tarey : €9 — nat

DSIG =nat =
value sorts: nat
opns: ZERO :— nat
SUC : nat — nat
ADD : natnat — nat

Two different graph representations of GSIG are considered as type graphs TG in
example 2 and as TG in example 4.



4 Bijective Correspondence between Attributed Graph
Signatures & Attributed Type Graphs

In this section we show the close correspondence between attributed graph signatures
and attributed type graphs as introduced in the previous sections. In fact we have a
bijective correspondence.

Lemma 1

Let AGraphSig be the class of attributed graph signatures,and ATGGraphs the
class of attributed type graphs, then we have bijective correspondence AGraphSig —
ATGGraphs.

Construction

In the following we give two transformations AGra and AGra~' between the classes
AGraphSig and ATGGraphs which are inverse to each other, where the data type
signature DSTG is given explicitly in ASIG = (GSIG, DSIG) and implicitly in ATG =
(TG, Z) because Z is the final DSIG — algebra.

AGra : AGraphSig —~s ATGGraphs

ASIG = (GSIG, DSIG) v  AGra(ASIG) = (TG, Z) with

with S, g SV TGV = Sv,TGE = SE

Se =Sy U Sk sourcerg(e) = vi(e) for srece 1 e — vy (e)

targetra(e) = vq(e) for tar, : e — vy(e)
Z final DSIG-algebra with

S C Sy = TGy
AGra=!': ATGGraphs — AGraphSig
ATG = (TG, Z) —  ASIG = (GSIG, DSIG)with
with S’ C Sy Se = Sv U Sk, Sy = TGy, S = TGg

srce e — vi(e)  for sourcerg(e) = vy(e)
tare : e — vy(e)  for targetrg(e) = vo(e)

Remark

This bijection is not an isomorphism of categories, unless the signature morphisms for
A GraphSig are restricted to preserve vertex sorts Sy and and edge sorts Sg separately.



Example 2

The attributed type graph AGra(ASIG) with ASIG from previous example 1 is given
by AGra(ASIG) = (TG, Z) with

€1 ([Uj €2 @@ADD
o | s

nat ZERO
TG A
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5 Isomorphism between Categories of Attributed Graph
Algebras

Based on the bijective correspondence on the syntactical level in the previous section we
show now a bijective correspondence on the semantical level. This is a bijection between
the class of ASIG — algebras and the class of attributed graphs typed over AT G, where
ASIG and ATG correspond to each other according to Lemma 1.

Theorem 1

Let ASIG-Alg be the category of ASIG — algebras for an attributed graph signature
ASIG, and AGraphs 4, category of ATG-typed attributed graphs with

ATG = AGra(ASIG) (see Lemma 1).

Then we have an isomorphism Ty, : ASIG-Alg — AGraphs , -

Construction

In the following we present the construction for objects of the corresponding categories.
But it can also be shown for morphisms leading to an isomorphism between the two
categories.

Tacra: ASIG-Alg — AGraphs ;¢

A = Tagra(A) = (AG,t: AG — ATG)
with ASIG = (GSIG, DSIG) with AG = (G, D)

GSIG = (Sg, OP) Gy =Usesy As

Se =Sy U Sk ty(a) =s fora€ Ag,s € Sy
OP; =U OP, with £;1{s} = A,

OP, = {src,, tare} Gr :UeeSE A,

tp(a) =e fora € Ag,e € Sk
with ¢, {e} = A,

sourceg(a) = srci(a) for a € A,
targetg(a) = tar?(a)

D = Vpsra(A)

tp(A) =sfora € As,s € Sp
T.L : AGraphs —,  ASIG-Alg
(AG,t: AG — ATG) — A with
AG = (G, D) A =1, {s} C Gy for s € Sy
ATG = (TG, Z) A, =t3'{e} CGpforec Sy
t, : G, = TG, =S, srct(a) = sourceg(a) for e € Sg
with t(/l{s}:Ds for s € Sp A, :t(/l{s}:Ds for s € Sp

An example for the transformation Tsg,, : ASIG-Alg — AGraphs , . is given in
Example 3 below, where A is an ASIG —algebra and Txgqo(A) = (AG,t : AG — ATG)
an ATG-typed attributed graph with ¢t =Ttot/,.

11



6 Isomorphism between Categories of Typed At-
tributed Graph Algebras & Typed Attributed Graphs

In this section we extend attributed graph algebras considered as ASIG — algebras in
the previous section by typing. This means that we extend the category ASIG-Alg
to the comma category ASIG-Alg,, with ASIG — algebra T A as type algebra. The
objects in ASIG-Alg;, are pairs (A,t4 : A — T A) with ASIG — algebra A and type
morphism ¢4 : A — TA, called typed attributed graph algebras. Based on theorem 1
in the previous section we can show now that typed attributed graph algebras are in
bijective correspondence with doubly typed attributed graphs (AG,t, : AG — TAG).
In fact, the type graph TAG corresponding to the type algebra T'A by theorem 1 is
itself typed over the attributed type graph AT'G corresponding to ASIG according to
lemma 1.

Theorem 2

Let ASIG-Alg;, be the category of typed attributed graph algebras for the attributed
graph signature ASIG and ASIG — algebra T A as type algebra, and let AGraphs; 4.
be the category of TAG-typed attributed graphs with

TAG = Tacra(TA) (see theorem 1).

Then we have an isomorphism 7Ty, : ASIG-Alg;, — AGraphs; ..

Remarks

1. TAG is typed over ATG by Tt : TAG — ATG where ATG = AGra(ASIG).
Hence attributed graphs in AGraphs;,. are double typed, where typing over
T AG is more restrictive then typing over ATG. Typing over TAG allows restric-
tions concerning specific attribute values and not only concerning attribute value
sorts.

2. More precisely we have Thgro(TA) = (TAG, Tt : TAG — ATG).

Construction

Similar to the previous section we present the constructions only for the objects of the
corresponding categories using the consturctions T4, and T;ém from theorem 1. The
extended constuctions are denoted by T7T'4g, and TTgém.

TT scra : ASIG-Alg; , — AGraphs;,
(Ajta: A—>TA)—— (AG,t, : AG — TAG) with

12



A ! Al—— AG ! AG!
TA

TAG 1st type level

|

ATG 2nd type level

TT i : AGraphs;,; —~= ASIG-Alg;,
(AG, ¥, : AG — TAG)—— (A, t5 : A — TA) with

A=T7. (AG,AG 5 TAG T ATG),
ta =T () : A= TA

Example 3

In the following we present an example for the transformation 77T 45., applied to an
ASIG — algebra A typed over an ASIG — algebra T A, which is given by (A,t4 : A —
T A). The result TT4grq(A,t4) is an attributed algebra typed over TAG = Tagra(TA),
which is given by (AG,t, : AG — TAG) with TAG typed over ATG by Tt : TAG —
ATG. Let ASIG — algebras A,TA and typing t4 : A — T A be given by the following
diagram

13



The TAG-typed graph TT 1G4

(AG,t, : AG — TAG) with AG = (G, D), TAG =

(TTG,TTA),ATG = (TG, Z) is given by the following diagram

G D=NAT
a; & ADD
d % 3 IN l
AG b/]”
102 by
E .
SUCN ZERON
A y TG TTA l
& ‘ AI:)D(modZ)
1%
TAG| & %2, .
c5 4
Ty | l
v
e1 ADD
EO @
\Y V. nat nat
ATG 1 2 (e
ZERO
e, sucC
TG z

14




7 'Transformations Based on Attributed Graph Struc-
ture Signatures

In section 3 we have introduced graph signatures as a special case of graph structure
signature, because they allow a very compact representation as graphs. Actually vertex
sorts have been interpreted as vertices and edge sorts as edges of the corresponding
graphs. In the more general case of graph structure signatures, which are studied in
this section, all sorts of the signature are interpreted as vertices and all unary operation
symbols as edges. This correspondence is stated in lemma 2 and leads to a less compact
representation as graph as shown in example 4. In fact, we introduce in definition 3
graph structure signatures and attributed graph structure signatures, and lemma 2 and
example 4 are dealing with the attributed case. In the attributed case graph structure
signatures allow attribution of vertices and edges, while graph signatures allow only at-
tribution of vertices, but not of edges. This is certainly an advantage. The disadvantage
compared with attributed graph signatures is that the corresponding transformations
from algebras to attributed graphs in analogy to theorem 1 and 2 lead to functors in
theorem 3 and 4, which are no longer bijective. This means that they do not define
isomorphisms of the corresponding categories, but only non surjective functors (see
counterexample 6). In contrast to the previous sections we only state the results and
show the changes in examples 4 and 5 compared with examples 2 and 3 based on the
same signature in example 1.

A graph structure signature SIG = (S, OP) is an algebraic signature, where all op-
eration symbols in OP are unary. An attributed graph structure signature ASSIG =
(SIG, DSIG) consists of a graph structure signature SIG and a data type signature
DSIG with attributed value sorts S’ C S. Similar to lemma 1 in section 4 we have now

Lemma 2

Let AGraphStructSig be the category of attributed graph structure signatures and
ATGGraphs the category of attributed type graphs (with identity in the algebra part).
Then we have isomorphism ASGra : AGraphStructSig — ATGGraphs.

According to this isomorphism we obtain from the example ASTG in section 3, con-
sidered now as attributed graph structure signature, the following attributed type graph
(I'G,Z), which is certainly more complex than the type graph (TG, Z) from example 2.
Example 4

ASGra(ASIG) with ASIG from Example 1 is given by ASGra(ASIG) = (TG1,7Z) =
ATG,.

15



at
AN

sre
ATG 1 vy Vo _ >0 e nat On
N
ZERO
’[ar2 & sre, SUC
TG 1 A

Similar to Theorem 1 we obtain now a functor T'4sg, from the category ASSIG-Alg
of ASSIG-algebras (for a given attributed graph structure signature ASSIG) to the
category AGraphs ara, where ATG is given now by ATG = ASGra(ASSIG) according
to lemma 2.

Theorem 3

T ascre : ASSIG-Alg — AGraphs ;. is functor based on ASGra in lemma 2 with
ATG = ASGra(ASSIG).

In contrast to Theorem 1 this functor is in general not surjective and hence no isomorphism
as shown in Example 5.

Example 5

Given the ASSIG-algebra A as shown in Example 3 the ATG1-typed graph Tasgro(A) =
(AGh,t : AGy — ATG) with t = (tg,ta) and tg(s;) = sre, ta(t;) = tar; for i = 0,1,2
is given by

AGy /q/ dl

e b
e ADD

sr?/ \t\\ar1 @

sre tar
ATG vy Vo 70 € 0 _ nat nat
o
tar ZERO
2 e Sre, SUC

16



Counterexample 6

We modify Example 5 in order to show that the functor T4sarq is not surjective in
general. Consider the ATG;-typed graph (AG',t"), which is AG; together with an ad-
ditional edge form ¢, to ay mapped to srce in ATG) by tr,. According to the construction
of Thsaro AG", would correspond to a modification A’ of the ASSIG-algebra A in example
3, where ¢y is mapped by srcos to as. But ¢y is already mapped by srcas to be, s.t.
srega is no longer a function and A’ no longer an ASSIG-algebra. In fact, A" would
become a relational ASSIG-algebra and we may obtain an isomorphism in Thm 3 for
relational ASSIG-algebras. Finally we obtain similar to Thm 2 a functor TTs5¢ from
the category ASSIG-Alg; , of typed ASSIG-algebras (for a given ASSIG-algebra T A
as type algebra) to the category AGraphs; ., where TAG = Tasgro(TA) according
to Theorem 3.

Theorem 4
TTascre : ASSIG-Alg; . — AGraphs; . is a functor based on T4sGre in Thm 3 with
TAG = Tascra(TA).

Remarks

1. More precisely we have Tascra(TA) = (TAG, Tt : TAG — ATG).

2. Similar to Tasare in theorem 3 also the functor TT x5, in the typed case is non
surjective in general.

17



8 Overview of Results

In this section we summarize the transformations on the syntactical level (see lemma
1 and 2) and those on the semantical level (theorems 1-4). It is important to note
that the transformations on the syntactical level define bijections between AGraphSig
and ATGGraphs by lemma 1 and between AGraphStructSig and ATGGraphs by
lemma 2 although AGraphSig is a proper subclass of AGraphStructSig. This implies
that the corresponding diagrams on the semantical level do not commute in general.

Syntactical Transformations (Lemma 1+2)

Summarizing lemma 1 and 2 we obtain the following non commutative diagram:

AGraphSig ¢© AGraphStructSig
m 7 %
ATGGraphs

Semantical Transformations (Thms 1-4)

Summarizing theorems 1 to 4 we obtain the following digram, where it is important
to distinguish ATG, = AGra(ASIG) from ATGy = ASGra(ASSIG) and similarly
TAGl = TAG’ra (TA) from TAG2 = TASG’ra (TA)

ASIG-Alg, ,C ASSIG-Alg; 4
AGraphs;,; # AGraphsy,q,
v @ Vl # lv © v
AGraphs,;; # AGraphs, g,
ASIG-Alg © ASSIG-Alg

Remark

V' denotes different kinds of forgetful functors s.t. diagrams (1) and (2) commute, but
all the other ones do not commute except of the outer diagram.

18
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